Abstract. We investigate uniform, strong, weak and almost weak stability of multiplication semigroups on Banach space valued L p -spaces. We show that, under certain conditions, these properties can be characterized by analogous ones of the pointwise semigroups. Using techniques from selector theory, we prove a spectral mapping theorem for the point spectra of the pointwise and global semigroups and apply this as a major tool for determining almost weak stability.
One of the significant features of the Fourier transform is that it converts a differential operator into a multiplication operator induced by some scalar-valued function. The properties of the original operator are then determined by the values of this function. The same holds if a system of differential operators is transformed into a matrix valued multiplication operator on a vector valued function space. This motivates the systematic investigation of multiplication operators on Banach space valued function spaces.
Such operators (and semigroups generated by them) have been studied by, e.g. Holderrieth [12] as well as Hardt and Wagenführer [11] for matrix multiplication semigroups and by Arendt and Thomaschewski [2] and Graser [10] in the infinite dimensional case. See also [14, Section 4] and [17] . Qualitative properties of such semigroups, e.g. various stability concepts, are of great interest in control theory (see e.g. [4] ). In fact, motivated by these applications, Hans Zwart has proved a characterisation of strong stability of a multiplication semigroup in the finite dimensional case (see [18] ), while so-called polynomial stability of multiplication semigroups is characterized in Theorem 4.4 of [3] .
The general question in this context is to what extent the global properties of a multiplication operator are determined by the local properties of the pointwise operators. In this paper we systematically investigate spectral and stability properties of multiplication semigroups. Our aim is thus to understand how these properties are related to those of the corresponding pointwise operators or semigroups, as explained below. As a major tool and also as a result of independent interest, we obtain a perfect characterisation of the eigenvalues of multiplication operators (Theorem 6). Furthermore, we indicate how the global and local stability properties are related for uniform (Theorem 14), strong (Theorem 17), weak (Proposition 22) and almost weak (Theorem 28) convergence. Finally, we include a section in which we state analogous stability results for the powers of multiplication operators.
Throughout this text we assume that the measure space (Ω, Σ, µ) is σ-finite. For a separable Banach space X, L p (Ω, X) denotes the Bochner space L p (Ω, Σ, µ; X) for a fixed value of 1 ≤ p ≤ ∞ (see e.g [1] , or [5] ).
Definition 1 (Multiplication Operator, Pointwise Operator). Let X be a separable Banach space and let M : Ω → L (X) be such that, for every x ∈ X, the function
In this context, we call the operators M (s) with s ∈ Ω the pointwise operators on X.
, it is called a multiplication semigroup. (For the general theory of C 0 -semigroups, we refer to [9] .) Remark 4. If A, D(A) is the generator of the multiplication semigroup M(t) t≥0 , then there exists a family of operators A(s) with domain D(A(s)) on X such that A(s) is the generator of a C 0 -semigroup on X for all s ∈ Ω\N for some null set N (see [16, Theorem 2.3.15, p. 49] ). We call these semigroups on X the pointwise semigroups.
We denote the multiplication semigroup M(t) t≥0 by e tA t≥0
and the pointwise semigroups by e tA(s) t≥0
for all s ∈ Ω\N .
Furthermore, for every t ≥ 0, the function from Ω to L (X), s → e tA(s) , is measurable and the operator e tA is the corresponding multiplication operator on
Before discussing stability properties, we recall the characterisation of boundedness of a multiplication operator by Thomaschewski We are interested in the extent to which stability properties of the pointwise semigroups determine stability properties (see the sections below) of the corresponding multiplication semigroup. This is not always the case as is illustrated by a simple modification of Zabzyk's classical counterexample to the spectral mapping theorem for C 0 -semigroups (cf. [9] p. 273, Counterexample 3.4).
Other examples are discussed in [4, Section 2].
Eigenvalues of a multiplication operator
Since many stability properties can be characterised by spectral properties (see, for instance, [9, Chapter IV and V]), we start by investigating the relation between the pointwise spectra σ(M (s)) with s ∈ Ω and the global spectrum σ(M).
As a first and important step, we characterise the eigenvalues of M via M (s) with s ∈ Ω.
We take note of the fact that the nontrivial implication in the following theorem is essentially a selector result. See, for instance, [13] for a standard selector theorem. It is possible to present a proof based on methods from this theory, but our proof is more elementary and not less elegant.
We would like to mention that the idea of the following proof has been sparked by discussions with Hans Zwart.
Theorem 6. For a multiplication operator M on L p (Ω, X) with 1 ≤ p ≤ ∞ induced by the pointwise operators {M (s) : s ∈ Ω} and an arbitrary λ ∈ C, the following equivalence holds:
where Z is a measurable subset of Ω with µ(Z) > 0.
Proof. Assume that the pointwise operators M (s) are injective, i.e., the kernels of M (s) are zero for almost all s ∈ Ω. Choose an arbitrary function 0 = f ∈ L p (Ω, X). It is clear that Mf = 0, hence the kernel of M is zero.
Assume now that M (s) is not injective for all s in a set N such that µ(N ) > 0. Without loss of generality, take N = Ω.
Idea of proof:
We will construct a sequence of countably-valued measurable functions (f m ) in L p (Ω, X), converging pointwise to some non-zero function such that the sequence of functions (Mf m ) converges to zero in norm.
Choose W := {w n : n ∈ N} as a countable dense subset of the unit sphere of X.
We construct for every m ∈ N countably many disjoint, measurable sets
and (9)Ω (n1,n2,...,nm) ⊆Ω (n1,n2,...,nm−1) .
Then, for every m ∈ N, we define f m as
For every s ∈ Ω, the sequence
Definitions:
Consider the following set of (convergent) sequences
Note that, to each sequence (a k ) k∈N ∈ W, there is a corresponding function
Now, for all n, j ∈ N, define the subsets
Take m = 1. We now define the setsΩ (n1) for each n 1 ∈ N as
and
The set Ω (n1) is the countable intersection of the union of certain measurable sets of the form r j=1 Ω β(j),j . As we see in (11) above, this union consists of those sets, for each of which the corresponding sequence (w β(j) ) j∈N is in W (n1,n2,...,nm) which is an uncountable set. However, there are only countably many sets of the form r j=1 Ω β(j),j for a fixed r ∈ N and hence the union can be written as a countable union. Hence Ω (n1) and alsoΩ (n1) are measurable. It now holds that
Now define the function
Observe that f 1 = 1 and Mf 1 ≤ 1 as desired.
The recursive definition of the setsΩ (n1,n2,...,nm) now follows. Let m ≥ 2 and assume that we have disjoint setsΩ (n1,n2,...,nm−1) with (n 1 , n 2 , . . . , n m−1 ) ∈ m−1 k=1 N such that
for all s ∈Ω (n1,n2,...,nm−1) ,
(n1,n2,...,nm−1) , andΩ (n1,n2,...,nm−1) ⊆Ω (n1,n2,...,nm−2) . Moreover, for every s ∈Ω (n1,n2,...,nm−1) and every m − 1 ≤ r ∈ N, there exists a sequence (a k ) ∈ W with a k = w n k for 1 ≤ k ≤ m − 1 and For everyΩ (n1,n2,...,nm) , the properties (7), (8) and (9) hold and if s ∈ Ω (n1,n2,...,nm) then, for every m ≤ r ∈ N, there exists a sequence (a k 1 ,n 2 ,...,nm) w nm .
Thus the sequence (f m ) m∈N has been constructed with the desired properties.
Indeed, for every m ∈ N, we have f m ≥ 1, because of (8) 
We obtain the following corollary directly from the above theorem by using the spectral mapping theorem for the point spectrum of the resolvent of a closed operator (see, for instance, [9, Chapter IV, Theorem 1.13]).
is a multiplication semigroup with generator A and λ ∈ C, then the following equivalence holds.
Uniform Stability
This short section is devoted to the strongest notion of stability, namely uniform stability. (c) At some t 0 > 0, the spectral radii r e t0A(s) of the pointwise semigroups satisfy ess sup s∈Ω r e t0A(s) < 1. (d) There exist constants C ≥ 1 and ǫ > 0 such that e tA(s) ≤ M e −tǫ for all t ≥ 0 and almost all s.
Remark 15. Note that, due to Remark 6, the uniform stability of a multiplication semigroup is independent of the value of p as long as 1 ≤ p ≤ ∞.
Strong Stability
In this section we study strong stability in our context. Definition 16. [9, Definition V.1.1, p. 296] A C 0 -semigroup (T (t)) t≥0 of operators on a Banach space is called strongly stable if T (t)x → 0 as t → ∞ for all x ∈ X.
We now show that a multiplication semigroup is strongly stable if and only if the pointwise semigroups are uniformly bounded in s and strongly stable almost everywhere. The backward implication was proved by Curtain-Iftime-Zwart in [4] for the special case where Ω = [0, 1], p = 2 and X = C n . The other implication was conjectured in the same paper and has since been proved by Hans Zwart (see Theorem on p. 3 in [18] ), again for X = C n .
Theorem 17. Suppose that the multiplication operator A generates a C 0 -semigroup of multiplication operators (e tA ) t≥0 on L p (Ω, X) with 1 ≤ p < ∞ such that e tA ≤ C for all t ≥ 0 and some constant C > 0. Then the following are equivalent. on X are strongly stable for almost all s ∈ Ω.
Proof. Note that, by Lemma 5, we have e tA ≤ C for all t ≥ 0 if and only if e tA(s) ≤ C for almost all s ∈ Ω and for all t ≥ 0.
(a) =⇒ (b): Assume that e tA f → 0 as t → ∞ for all f ∈ L p (Ω, X). Choose an arbitrary x ∈ X and define the function f x : Ω → X by f x (s) := x for all s ∈ Ω. Since Ω is σ-finite, we can write Ω = ∪ n∈N Ω n where µ(Ω n ) < ∞ for every n ∈ N. Then ½ Ωn f x ∈ L p (Ω, X) for every n ∈ N. By assumption, we have that e tA ½ Ωn f x → 0 as t → ∞ for every n ∈ N. Therefore, the Riesz subsequence theorem (see e.g. proof of [15, Chapter I, Theorem 3.12]) implies that, for every n ∈ N, there exists a sequence (t k ) k∈N ⊂ R + tending to infinity as k → ∞, such that the functions e t k A ½ Ωn f x converge pointwise to 0, almost everywhere, i.e.
for s ∈ Ω n \N (x,n) , where N (x,n) is a subset of Ω of measure 0. We now show that (18) implies that e tA(s) x X → 0 as t → ∞ for s ∈ Ω n \N (x,n) . Let ǫ > 0. Then e t k A(s) x X < 1 C ǫ for all k greater than or equal to some k ǫ ∈ N. For each t > t kǫ , we can write t = t kǫ + r where r ∈ R + . Then we have that
Hence,
for all s ∈ Ω n \N (x,n) . It follows that (19) holds for all s ∈ Ω\ ∪ n∈N N (x,n) . Observe that N x := ∪ n∈N N (x,n) , being a countable union of null sets, is also a null set and hence we have the convergence (19) almost everywhere.
For each x ∈ X, (19) holds for all s ∈ Ω\N x . Now, choose any countable dense subset C ⊂ X. Then (19) holds for each x ∈ C, for all s ∈ Ω\ (∪ x∈C N x ). Note that ∪ x∈C N x is also null set. So we have that (19) holds for all x in a dense subset of X, almost everywhere. Because the semigroups e tA(s) t≥0
are bounded, it follows that (19) holds for all x ∈ X, almost everywhere, which is what we wanted to prove.
(b) =⇒ (a): Assume that e tA(s) x X → 0 as t → ∞ for all x ∈ X and almost all s ∈ Ω.
Choose an arbitrary function f ∈ L p (Ω, X). Then
for almost all s ∈ Ω. Hence, the functions e tA f (·) p X are dominated by the integrable function M f (·) p X . Because of our assumption, we know that e tA(s) f (s) p X → 0 as t → ∞ for almost all s ∈ Ω. It now follows from Lebesgue's dominated convergence theorem that
Thus the proof is complete.
Remark 20. As before, strong stability of a multiplication semigroup is independent of the value p, as long as 1 ≤ p < ∞.
Weak Stability
The concept of weak stability is the most difficult to investigate in this context. We include a trivial example in the scalar case, where the multiplication semigroup is weakly stable, but where none of the pointwise semigroups are. is weakly stable, but none of the pointwise semigroups are.
We show in the proposition below that the weak stability of almost every pointwise semigroup e tA(s) t≥0
does imply that the multiplication semigroup e tA t≥0
is weakly stable.
Proposition 22. Let e tA t≥0
be a bounded multiplication semigroup on the space L p (Ω, X), with 1 ≤ p < ∞, where X is a reflexive Banach space. If the pointwise semigroups e tA(s) t≥0
are weakly stable for almost all s ∈ Ω, then the multiplication semigroup e tA t≥0
Proof. Assume that the pointwise semigroups e tA(s) t≥0
are weakly stable for almost all s ∈ Ω. Then there exists a null set N ⊂ Ω such that ψ e tA(s) x → 0 as t → ∞ for all x ∈ X, ψ ∈ X ′ , and for all s ∈ Ω\N , where X ′ denotes the continuous dual space of X. Since X is a reflexive Banach space, the dual space of
, where is weakly stable.
Remark 23. This result is independent of the value of p, as long as 1 ≤ p < ∞.
Almost Weak Stability
We now investigate the almost weak stability of the multiplication semigroup e tA t≥0
and of the pointwise semigroups e tA(s) t≥0
with s ∈ Ω. In order to define this stability concept, we mention that the density of a Lebesgue measurable subset
(µ being the Lebesgue measure), whenever the limit exists.
Definition 24 (Almost Weak Stability). Let (T (t)) t≥0 be a C 0 -semigroup on a reflexive Banach space X. Then (T (t)) t≥0 is called almost weakly stable if there exists a Lebesgue measurable set Z ⊂ R + of density 1 such that
in the weak operator topology.
The main result of this section is a characterisation of almost weak stability of a multiplication semigroup via Cesàro stability (see Definition 27) of the pointwise semigroups. This is remarkable since it is not true that almost weak stability of a multiplication semigroup and that of the pointwise semigroups are equivalent. We introduce Cesàro stability which seems to be the appropriate concept. for all x ∈ X. The semigroup (T (t)) t≥0 is called mean ergodic if the Cesàro means converge pointwise as t tends to ∞. In this case the operator P ∈ L (X) defined by
is called the mean ergodic projection corresponding to (T (t)) t≥0 .
Remark 26. [7, p. 21-22; Chapter I; Remark 2.21, Proposition 2.24 and Theorem 2.25] The mean ergodic projection P commutes with (T (t)) t≥0 and is indeed a projection. A bounded (T (t)) t≥0 is mean ergodic if and only if X = ker A ⊕ ran A, where ker A and ran A denote, respectively, the kernel and range of A. One also has that ran P = ker A = fix (T (t)) t≥0 and ker P = ran A where fix (T (t)) t≥0 is the fixed space of (T (t)) t≥0 .
Definition 27 (Cesàro Stability of Semigroups). A semigroup (T (t)) t≥0 is called Cesàro stable if the Cesàro means converge to 0 as t → ∞, i.e. the mean ergodic projection is the 0 operator.
Theorem 28. Let X be a reflexive, separable Banach space. Take (A, D(A)) to be the generator of a bounded multiplication semigroup e tA t≥0
on L p (Ω, X) with 1 < p < ∞, and let A(s) with s ∈ Ω be the family of operators corresponding to A.
The semigroup e tA t≥0
is almost weakly stable if and only if, for each ir ∈ iR, the rescaled pointwise semigroups e irt e tA(s) t≥0
are Cesàro stable, almost everywhere.
Remark 29. If the pointwise semigroups are almost weakly stable, almost everywhere, then the rescaled pointwise semigroups e irt e tA(s) t≥0
are Cesàro stable for each ir ∈ iR almost everywhere which implies, by the above theorem, that the multiplication semigroup e tA t≥0
is almost weakly stable.
In order to prove Theorem 28 we need the following characterisation of almost weak stability of a semigroup on a reflexive Banach space via the point spectrum of its generator.
Lemma 30. [7, Chapter II, Theorem 4.1] Let T (t) t≥0 be a bounded C 0 -semigroup with generator (A, D(A)) on a reflexive, separable Banach space X. Then the following are equivalent.
(1) T (t) t≥0 is almost weakly stable.
(2) P σ (A) ∩ iR = ∅, where P σ (A) is the point spectrum of A.
(iv) Let the measure space (Ω, Σ, µ) be separable and let X be a reflexive, separable Banach space. Then M is almost weakly stable if and only if, for each λ ∈ C with |λ| = 1, the rescaled pointwise operators λM (s) are Cesàro stable for almost all s ∈ Ω.
